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Abstract. In the present paper we study six dimensional solvable Lie algebras 
with special emphasis on those admitting a symplectic structure. We list 
all the symplectic structures that they admit and we compute their Betti 
numbers finding some properties about the codimcnsion of the nilradical. Next, 
we consider the conjecture of Guan about step of nilpotency of a symplectic 
solvmanifold finding that it is true for all six dimensional unimodular solvable 
Lie algebras. Finally, we consider some cohomologies for symplectic manifolds 
introduced by Tseng and Yau in the context of symplectic Hogde theory and 
we use them to determine some six dimensional solvmanifolds for which the 
Hard Lefschetz property holds. 



Introduction 

A solvmanifold M = G/F is a compact homogeneous space of a solvable Lie 
group G, i.e. a compact quotient of a solvable Lie group G by a lattice F. A 
special class of solvmanifolds, called nilmanifolds, was introduced by Malcev [TO] 
and corresponds to the particular case when G is a nilpotent Lie group. 

Both classes of manifolds have been particularly important for producing exam- 
ples of compact symplectic manifolds which do not admit any Kahler structure. 
Hence the study of the topology of solvmanifolds (and in particular their coho- 
mological properties) is particularly interesting, especially when they are endowed 
with a symplectic structure. In this context, the Hard Lefschetz property, formality 
and symplectic Hodge theory play an important role (see for instance [5]). 

Hence one needs to compute the de Rham cohomology of a solvmanifold, which, 
in some situations can be done using invariant differential forms, i.e. by the 
Chevalley-Eilenberg cohomology H*{g) of g. This is the case if the Mostow con- 
dition holds, namely, the algebraic closures ^(AdG(G)) and ^(AdG(F)) are equal, 
[Tl] and [m Corollary 7.29]. Special instances are provided by nilmanifolds [13] and 
completely solvable Lie groups G [7], i.e., the adjoint representation adx -9^9 
have only real eigenvalues for all X £ g. 

Unlike nilpotent Lie groups there is no simple criterion to understand whether 
a solvable Lie group G admits a lattice, but a necessary condition is that G is 
unimodular, i.e., for all X € q, tradx = 0, where 9 is the Lie algebra of G. 

Nilpotent Lie algebras and solvable Lie algebras have been classified up to di- 
mension 5 (see for instance [T]). In dimension 6, the number of possible solvable 
Lie algebras is very large. A complete classification can be obtained by using the 
results in the papers [TJ I12i I16j . In this paper we improve some classifications, 
considering only the case of six dimensional solvable unimodular Lie algebras. 
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Solvmanifolds up to dimension six admitting an invariant symplectic structure 
(invariant means that it comes from a symplectic form on the Lie algebra) were 
studied by Bock [T]. In particular, he considered the conditions of being cohomo- 
logically symplectic, formality and Hard Lefschetz property. 

In the present paper we study six dimensional unimodular solvable (non-nilpotent) 
Lie algebras with special emphasis on those admitting a symplectic structure. Six 
dimensional nilpotent Lie algebras admitting symplectic structures were classified 
in dS]. 

In Section 1 we list all the symplectic structures that six dimensional unimodular 
solvable (non-nilpotent) Lie algebras admit (Table 3) and we consider the conjec- 
ture of Guan [6] about steps of a symplectic solvmanifold [6], namely that if a 
solvmanifold G/V admits a symplectic structure then G is at most 3-step solvable. 
We find that this is true for a six dimensional Lie group whose Lie algebra is uni- 
modular, indeed this holds for all six dimensional unimodular solvable Lie algebra, 
also those which do not admit symplectic structures, (see Proposition [Ij . 

In Section 2 we compute their Betti numbers (i.e., the dimensions of their 
Chevalley-Eilenberg cohomology) finding some properties about the codimension 
of the nilradical. Recall that the nilradical of a Lie algebra g is its largest nilpotent 
ideal. 

Namely, in Section [2] we prove as main result 

Theorem 1. Let q be a six dimensional unimodular, solvable, non-nilpotent Lie 
algebra 

• if it admits a symplectic structure, then it has positive, non zero, second 
Betti number, i.e., 62(5) > 0. 

• if bi{g) = 1, then its nilradical has codimension 1 and 62(5) ~ if and only 
if his) =0- 

• if its nilradical has codimension greater then 1, then 61(0) > 2 and 62(0) — 1 
if and only if by,{Q) = 0. 

The Betti numbers of the 6-dimensional Lie algebras with 5-dimensional nilrad- 
ical were also computed by M. Freibert and F. F. Schulte-Hengesbach [J. 

Finally, we consider the Hard Lefschetz property and some cohomologies for 
symplectic manifolds introduced by Tseng and Yau [18] in the context of symplectic 
Hogde theory. In particular, we show that these cohomologies can be computed 
using invariant forms, provided this is the case for the Rham cohomology (see 
Theorem [3] in Section [3]). We apply this result, together with the list of symplectic 
structures on solvable Lie algebras (Table 3), to show that some solvmanifolds 
satisfy the Hard Lefschetz property (Theorem SJ . 

In the Appendix we include two Tables. In Table 2 we list all the solvable, non- 
nilpotent unimodular six dimensional Lie algebras, indicating the differential of the 
generators of the dual algebra. This list is based on the classifications given in [1], 
[T2] and [16] and has the same notation for the Lie algebras. In Table 3 we list all 
the symplectic structures on six dimentional solvable unimodular Lie algebras. 

Acknowledgements. I would like to thank Antonio Otal and Anna Fino for the 
precious help given in the last version of the paper. 
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1. Symplectic Structures 

Let g be a real Lie algebra of dimension 2n. We recall that a symplectic structure 
on g is a closed 2-forni cj in /\ g* such that ^ 0. Let g be a six dimensional real 
solvable unimodular Lie algebra and let {Xi, Xq} be an ordered basis of g, then 
a 2-form uj is associated in a natural way to a matrix M = {uij) S (6, M), where 
cjy := uj[X,, Xj), and cj" 7^ ^ dot A/ 7^ 0. 

By direct computation we prove 

Theorem 2. The six dimensional real solvable, non-nilpotent unimodular Lie al- 
gebras admitting a symplectic structure are the following: 
0°:3-i = (-26,-36,0,-46,56,0), 
S'^lo = (-26,-36,0,-56,46,0), 

fllAs''" = (-23+ i.l6,-i.26,36,-46,0,0), 
= (-23 + i.l6, 26, -i.36, -46, 0, 0), 
Se.ls = (-23, -26, 36, -26 - 46, -36 + 56, 0), 
96.i8~' = (-23, 26, -36, -36 - 46, 56, 0), 
0g.2i = (-23,0,-26,-46,56,0), 
86:23' = (-23 - £.56, 0, -26, -36, 0, 0), e^O 
06:29' = (-23 - £.56, 0, 0, -36, -46, 0), 
0°:°6 = (-23,0,-26,56,-46,0), 
0^.38 = (-23, 36, -26, -26 + 56, -36 - 46, 0), 
06:54 = (-35 - 16, -45 + 26, -36, 46, 0, 0), 
06:?o = (-35 + 26,-45 - 16,46,-36,0,0), 
06.78 = (-25 + 16, -45, -24 - 36 - 46, -46, 56, 0), 
0g;fig'"^ = (-25 + 16, 15 + 26, +45 - 36, ±35 - 46, 0, 0), 
n±^4 = (-45, -15 - 36, -14 + 26 + 56, 56, -46, 0), 
0f;-P'-i e R = (-15, -p.25,p.35, 45, 0, 0), 
0^^eR= (-25,0,-35,45,0,0), 
05.14 eR= (-25,0,-45,35,0,0), 
0°;;^'" R = (-25, 15, -r.45, r.35, 0, 0), 

05:17''*^ ® R = (-P.15 - 25, 15 - p.25,p.35 + 45, ±35 + p.45, 0, 0), 
05:?7*^ e R = (-25, 15, +45, ±35, 0, 0), 
05.18 e R = (-25 - 35, 15 - 45, -45, 35, 0, 0), 
55^19 © K = (-23 ± 15, -25, ±2.35, -2.45, 0, 0), 

0^i9~^ ® K = (-23 - |.15, -25, -i.35, 45, 0, 0), 

0^ie3R= (-13,23,0,0,0,0), 

0§.5e3R = (-23,13,0,0,0,0), 

03.1 e 03:i = (-23, 0, 0, -46, 56, 0), 

03.10 03.5 = (-23,0,0,-56,46,0), 

33.1 ®Sll = (-13,23,0,-46,56,0), 

0^i©fl3.5 = (-13,23,0,-56,46,0), 

03.5 ©03.5 = (-23, 13, 0,-56, 46,0), 

where the parameters s,p and r are real numbers. 

To explain this notation, for example g°'i^ ffi R = (—25, 15, —r.45, r.35, 0, 0) means 
that there is a basis (ai , . . . , ae) of the dual of the Lie algebra © K such that 
dai = — Q!25,rfa2 = cei5i das = —ra45, da4 = ras^jda^ = O^dag = 0, where by aij 
we denote ai A aj . 
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Proof. To construct the symplectic form we take the generic element uj € ker d C 
A^(0*) ^^^d we impose it to be not degenerate, that is uj^ ^ 0. 
With this direct computation we can see that the six dimcntional solvable unimod- 
ular Lie algebras not listed below have always tu^ — for every w € kcrd C A^(0*)- 
In Table 3 (Appendix) wc list the symplectic structures admitted. □ 

Describing nilmanifolds and solvmanifolds with symplectic structure became im- 
portant after the work of Thurston, |17| . For this reason in |6| , Guan studied prop- 
erties about the steps of nilmanifolds, showing that if a nilmanifold G/T admits a 
symplectic structure then G has to be at most two step as a solvable Lie group. 
He also conjectured that the Lie group of a solvmanifold admitting a symplectic 
structure is at most 3-step solvable. 

We show by direct computation that this is true for all six dimensional uni- 
modular solvable Lie algebra, also for those which do not admit any symplectic 
structure. 

Proposition 1. Every six dimensional unimodular, solvable, non-nilpotent Lie al- 
gebra Q is 2 or 3-step solvable, in particular 

• if its nilradical has codimension 1, it is 3-step solvable unless it is almost 
abelian, or q is one of the following Lie algebras: 

a,0 „ ^0,0 „ „0 „0,0,e „-l,0 „0,0,e 

06. 14' 06.17, 06.18' 06.20, 06.21, 06.23 ' 06.25 ' 06.29 ' 

0.0 „0,-l 0,0 0,0 -0,0.0 

06.36' 06.54 ' 06.63, 06.65' 06.70 ' 06.88 • 

• if its nilradical has codimension greater then 1, it is 2-step solvable unless 
Q is one of the following Lie algebras: 

06.129, 06.135, 95.19 ®K' 05.20 ® K' 05.23 © IR, 05.25 © IR, 05.26 © 
K, 05.28 ©K' 05.30 ©K' 04.8 ©2M, 04.9 © 2M. 



2. BETTI numbers of 6-DIMENSIONAL UNIMODULAR SOLVABLE 
NON-NILPOTENT LlE ALGEBRAS 

In this Section we compute the second and third Betti number of six dimensional 
solvable Lie algebras. The interest in determining solvable Lie algebras with the 
property that 62(0) = 63(0) comes from a class of manifolds endowed with a closed 3 
form, called String geometry, considered in [S] . Strong geometry is an important ex- 
ample of connection between mathematics and physics, in particular multi-moment 
maps are used in string theory and one-dimensional quantum mechanics, [H]- 

Let M be a manifold, then [M, 7) is a Strong geometry if 7 is a closed 3-form on 
M. Suppose there is a Lie group G that acts on M preserving 7, then we denote 
by Pg the kernel of the map ^ induced by the Lie bracket of 0. 
A Multi-moment map is an equivariant map u : M ^ P* such that d{v,p) ~ ipj, 
for any p <^ P^, (where ip denotes the interior product) [5] . 

We refer to [Hj and [H] for details on strong geometry. In particular Madsen and 
Swann [S] proved that if 62(0) = ^3(0) = 0, then there exists a multi- moment map 
for the action of G on the manifold M . Because of this result they listed the Lie 
algebras with trivial second and third Betti numbers, up to dimension five. We add 
to their classification the Betti numbers of 6-dimensional solvable, non-nilpotent 
unimodular Lie algebras. 
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Remark 1. Every Lie algebra g whose Lie group is solvable has 61(0) > 0, [T]. 

Next we list 6-diniensional unimodular, solvable, non-nilpotent Lie algebra q 
together with their first, second and third Betti number. The Betti numbers of the 
6-dimensional Lie algebras with 5-dimensional nilradical were also computed by M. 
Freibert and F. F. Schultc-Hengcsbach [3]. 

Looking at this list and comparing with Table 3 yields Theorem [T] 



Table 1: Betti numbers of 6 dimensional unimodular, solvable, non-nilpotent Lie algebras 





bi 


b2 


bi 


06. 1 


1 







if a / -1, b / —1, b / —a. 





if a 7^ —1, & / -1, b / -a. 










c —a, c + 1, ct^— b. 




c 7^ —a, c + & 7^ —1, c 7^ —6, 










a + bj^ -1, a + c/ -1 




a + -1, a + c/ -1 








1 


if a = —1, or if & = —a. 


2 


if a = —1, or if & = —a. 










or if 6 = — c, or if a + fe 7^ —1 




or if 6 = — c, or if a + fe 7^ —1 








2 


if b= -1, 


4 


if 6= -1, 










or if c = —a or if c = —1 — a. 




or if c = —a or if c = —1 — a. 










or if a = —1 and fe = 1, 




or if a = —1 and 6=1, 










or if a = —1 and b + c = —1, 




or if a = — 1 and 6 + c = — 1 , 










or if 6 = c = —a. 




or if 6 = c = —a. 










or if b = — c — ±a. 




or if 6 = — c = ±a. 










or if 6 = -c = ±(1 + a). 




or if 6 = — c = ±(1 + a), 










orif6 = c = — 1 — a 




orif6 = c= — 1 — a 








3 


if a = — i and b — — c = ±| 


6 


if a = — i and b = — c = ±| 










or if a = 6 = c— ^ 




or if a = & = c— ^ 








4 


if a = —b ~ c ~ \ 


5 


if a = — b = c = § 


06.2 


1 if a / 







if a / 0, c / -1, e / -c. 





if a 7^ 0, c/ -1, e / -c. 










c — e 7^ ±1, c + e 7^ 1, 




c — e 7^ ±1, c + e 7^ 1, 




2 if a = 




1 


if c= -1, 


2 


if a = or if c = —1 










or if e = — c, or if e = c + 1, 




or if e = — c, or if e = c + 1, 










or if e = ±(1 — c). 




or if e = ±(1 — c). 








2 


if a = or if c = — e = ±i 


4 


if c = -e = ±1 










or if e = — 1, 




or if e = —1, 










or if c = — e = — 1 




or if c = — e = — 1 


06.3 


1 if a / - 


1 





if a / 





if a / -1, i 




2 if a = - 


1 


1 


if a = i 


2 


if a = i 








3 


if a = -1 


4 


if a = -1 


06.4 


1 








06.6 


1 if a / - 


i 
2 





if a / -1,-^ 





if a / -1,-5 




2 if a = - 


1 
2 


1 


if a = -1 


2 


if a = -1 








2 


ifa = -i 


2 


if a = -i 



In Table 1 we impose conditions which become at every step more restrictive. It is therefore 
implicit that the previous conditions hold only when the more restrictive ones are not satisfied. 
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bi 


&2 


bi 


06.7 


I 


Q 





06.8 


1 

L 


1 if a + 6 = , 
or if 6 -|- c = 0, 
or if p = 

2 if a = —6 = c, 
or if a + c = 


2 if a + 6 = 0, 
or if b ~f- c — 0, 
or if p = 

4 if a = —6 = c , 
or if a + c = 


06.9 


1 if fe 7^ 


if bp 7^ 0, a + 6 / 


if fep 7^ 0, a + & 7^ 




2 jf {, — Q 


1 if r, — n nr if n ?l — fl 

± li p — U Ui ii Li ^ U — \J 
LL U U 


^ ii up — U Ui ii Lt u — u 


06.10 


1 if a / 


if a / 


if a 7^ 




2 if a = 


3 if a = 


4 if a = 


06.11 


1 


if pg 7^ 

1 if pq = 


if pg / 
2 if pg = 


06.12 


i 


U 


U 


06.13 


1 11 on 7^ (J 


if a / -1, 6 7^ -1, 
a + 7^ U, 2a + 7^ U, 
a + zo 7^ U, a + zo + 1 7^ U, 
6 + 2a + 1 7^ 


n "f „ _z. 1 J- _z. 1 
(J 11 07=— 1, 07^— 1, 

a + 7^ U, za + 7^ U, 

1 J, _Z. ri „ 1 1 1 _z. A 

a + 2o 7^ u, a + 20 + 1 7^= U, 
6 + 2a + 1 7^ 




Z 11 = U 


i iia = — 1 oriio = — i 


2iia = — ioriio = — i 




Ui 11 (i — u 


or if a -|- 6 = 

or if a + 26 = 0,-1 

r>r if -U 9/^ — fl 1 

9 if n — —1 flnrl ?) — 9 

^ ii Cfc — — i- diili XJ — Zf 

OT if ?) — — 1 anH n — 9 


or if ^ 6 = 

or if a + 26 = 0,-1 

nr if ft -1- 9r7 — n 1 
4 if /7 — —1 anH h — 9 

'4: ii (Jj - — i_ diiLi U Zr 

OT i f ft — — 1 fin H n — 9 

V71 11 L/ 1_ CLllLl lAf ^ 






or if — -i- anH Vt — — — 

Wl li. UL Clllvl \J Q 

or if a = — 1 and & = | 


nr if n — — finH h — — — 

KJL 11 lAi ^ CL1H_1 \J 






or if a = — 1 and b = | 






or if(j = 6= — 1, — ^ 


or iffi = 6 = — 1, — ^ 






3 if a = ^ and 6 = — 1 

2 


4 if a = i and 6 = — 1 

2 






or if a = —1 and 6 = 0,^ 


or if a = —1 and 6 = 0,^ 






or if a = — & = zbl 


6 if a = -6 = ±1 


06.14 


1 if a / -| 

2 if a = -1 


Oifa/-l,-|,-i,i,| 
1 if (2 1 , .J , 35353 


ifa7^-l,-|,i 1 
2 if a 7^ -1, -1, 1, 1 

/ ' 3 ' 3 ' 3 


06.15 


1 


2 


4 


06 17 


2 


2 


1 


06 18 


1 if a 7^ 


if 7^ 0, -1, -2, -3 


if a 7^ -1, -2, -3 




2 if a = 


1 if a = 0, -i,-2,-3 

2 if a = -1 


2 if a = -i,-2, -3 
4 if a = -1 


06.19 


I 


Q 





06.20 


2 


1 





06.21 


1 if a 7^ 


ifa/0, - 


if a 7^ 0, -|, -1 




2 if a = 


1 if a = 
3 if a = 


2 if a= -^-1 
4 if a = ' 


06.22 


1 








06.23 


1 if a / 


if a / 


if a 7^ 




3 if a = 


5 if a = 


6 if o = 


06.25 


1 if 


if 6/0, 


if 67^0, 




2 if 


1 if 6= 


2 if fe = 0, 




b = 0, -1 


2 if 6 = 0, -1 





SIX DIMENSIONAL LIE ALGEBRAS 



7 






bi 


62 


63 


Q6.26 


2 


2 


2 


06.27 


1 


1 


2 


56.28 


1 








56.29 


1 if 6 / 




2 if {, ^ Q 


2 


if 6 7^ 




3 /, _ Q 




5 if b = and e / 

6 if b = and e = 


g 

8 


if !, _ n „„rl r 3^ 
if 6 = and £ = 


— 

06.32 


1 ifa/-|,- 


h 


if a 7^ -- -- 

1 if „ — -it -A 





if a 7^ 




2 ifa= -|,- 


6 


2 


if a = 


56.33 


l if a / 




if a 7^ 





if a 7^ 




3 if a = 




3 if a = 


1 


if a = 


— 

S6.34 


1 if a / 




if a 7^ 





if a 7^ 




3 if a = 




3 if a = 


1 


if a = 


QG 35 


1 if a6 / 




if c 7^ 0, a 7^ 0, -26, 
6 7^ 0, -2a 





if c/ 0,07^ -26, 
6 7^ -2a 




2 if a = 




1 if a = or if 6 = or if c = 


2 


if c = or if a = -26 




or 6 = 




or if a = —26 or if 6 = —2a 




or if 6 = —2a 


06.36 


1 if a / 




if a 7^ 





if a 7^ 




2 if a = 




3 if a = 


4 


if a = 


06.37 


1 




if a 7^ 

1 if a = 



2 


if a 7^ 
if a = 


06.38 


1 


2 


4 


06.39 


1 if /i / 




if ft 7^ 0,-^,-1,-2, -3 





if ft 7^ -i, -1,-2, -3 




2 if ft = 




1 if ft = 0,-i,-l,-2, -3 


2 


if ft = -i, -1,-2, -3 


06.40 


1 








06.41 


1 


1 


2 


06.42 


1 








06.44 


1 








06.47 


2 


1 





06.54 


1 if Z / -i, 
-1,-2 

2 if Z = -i, 
-1,-2 




if Z 7^0, -i, -1,-2, -i^, -4 

1 if / = 0, -i,-2, -1,-1 

"7 2* * 2' 3 

3 if / = -1 



2 

4 


if /7^0,-l,-|,-f 
if ^ = 0,-1,-1 
if Z = -1 


06.55 


1 








06.56 


1 








06.57 


1 








06.61 


1 








06.63 


2 


2 


2 


06. 6o 


1 if Z / 




if / / 





if Z 7^ 




3 if Z = 




5 if / = 


6 


if / = 


06.70 


1 if p / 




if p 7^ 





if p 7^ 




2 if p = 




3 if p = 


4 


if p = 


06.71 


1 








06.76 


1 


1 


1 


06.78 


1 


1 


2 


06.83 


1 if 1^0 

3 a 1 = 




1 if / 7^ 
5 if / = 


2 
6 


if Z 7^ 
if / = 


06.84 


2 


2 


2 


06.88 


1 if / or 




1 if ^iz^ 7^ 


2 


^i!^ 7^ 








3 if /i 7^ and u = Q 


6 


if 7^ and v = Q 




5 if /i = and 




or if /i = and 7^ 




or if /i = and 7^ 




1^ = 




9 if /i = and v = Q 


10 if = and v = Q 
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^1 


02 


"3 


06.89 




r li if/ y= u 


z li aiy 7^ u 




2 jf g ^ Q 


3 if s 3^ n and i/ — f) 

iJ 11 o y— Li Ctlltl t/ L/ 


fvr IT tJz n anH Ty — D 

Ul 11 7— Li dlltl ly L/ 




or f ^ 


or if s = and 7^ 


or if s = and // 7^ 




5 if = 


9 if s = and u = 


10 if s = and = 




and s = 






6.90 


1 if / 


1 if i/ / 


2 




3 if = 


3 if 1/ = 




06 91 


1 


1 


2 


6.92 


1 if / 




4 if / 




2 if ^ / 


5 if /.i 7^ and z/ = 


6 if 7^ and u = Q 




or if 7^ 


or if = and u ^ 


or if ^ = and 7^ 




5 if = 


9 if ^ = and v = Q 


10 if /i = and j/ = 




and 11 = 






06 92 


1 


3 


6 


06.93 


1 if / 


1 if 1/ / 


2 ifi//0 




3 if 1/ = 


3 if 1/ = 


2 ifi/ = 


06.94 


1 


1 


2 


06.101 


2 


1 if a / -2 or 6 7^ -1 


if a / -2 or & 7^ -1 






2 if a = -2 and 6 = -1 


1 if a = —2 and b = —1 


06.102 


2 


1 





06. 105 


2 


1 





06.107 


2 


1 





06.113 


2 


1 if a ^ or 6 7^ -1 


if 07^0 or -1 






3 if a = and fo = — 1 


2 ifa = Oandb = -l 


06.114 


2 


2 if a / ±2 


2 if a / ±2 






3 if a = ±2 


3 if a = ±2 


06.115 


2 


1 





06.116 


2 


1 





06.118 


2 


1 if 6 / ±1 


iffe7^±l 






3 if 6 = ±1 


4 ifb = ±l 


06.120 


2 


2 


2 


06.121 


2 


2 


2 


06.129 


2 


1 





06.135 


2 


1 





1^6.83 


1 


1 


2 


n6.84 


1 


1 


1 


1^6.96 


1 if 6 / 


1 if & / 


2 




3 if 6 = 


3 if & = 




05.7 eR 


2 


1 if r / -1 


if r 7^ -1 






3 if r = — 1 and q ^ —1 


4 if r = — 1 and g 7^ — 1 






5 if r = — 1 and g = — 1 


8 if r = — 1 and g = — 1 


05.8 eR 


3 


5 


6 


05.9 eR 


2 if p / 


1 if p 7^ 0,-1 


if p 7^ 0,-1 




3 if p = 


3 if p = 0,-1 


2 ifp = 








4 ifp = -l 


05.11 eK 


2 


1 





05.13 eK 


2 


1 if g / 


if g 7^0 






3 if g = 


4 if g = 


05.14 eK 


2 


5 


6 
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V 


bi 


&2 


b-i 


05.15 ffi R 


2 


3 


4 


05.16 ffi R 


2 


1 





05 17 ffi R 


2 


1 if p 7^ and r ^ ±1 
3 if p = and r 7^ ±1 

or if p 7^ and r = ±1 
5 if p = and r = ±1 


if p / and r / ±1 
4 if p = and r / ±1 

or if p 7^ and r = ±1 
8 if p = and r- = ±1 


05.18 eR 


2 


3 


4 


05.19 eR 


2 if p 7^ 

3 if p = 


1 ifp/0,-i,-2 
3 ifp = 0, -i,-2 


ifp/0,-i,-2 
2 if p = 
4ifp=-i,-2 


05.20 ffiR 


3 


3 


3 


05.23 ffiR 


2 


1 





05.25 ffiR 


2 


1 





05.26 ffiR 


3 


3 


2 


05.28 ffiR 


2 


1 





05.30 ffiR 


2 


1 





05.33 ffiR 


3 


3 


2 


05.35 ffiR 


3 


3 


1 


04.2 e 2R 


3 


3 


2 


04.5 e 2R 


3 


3 


2 


04.6 2R 


3 


3 


2 


04.8 2R 


3 


3 


2 


04.9 2R 


3 


3 


2 


03.4 3R 


4 


7 


8 


03.5 3R 


4 


7 


8 


03.1 03.4 


3 


5 


6 


03.1 03.5 


3 


5 


6 


03.4 03.4 


2 


3 


4 


03.4 03.5 


2 


3 


4 


03.5 03.5 


2 


3 


4 



3. Hard Lefschetz property of 6 dimensional unimodular 
non-nilpotent solvmanifolds 

L.S. Tseng and S.T. Yau introduced some classes of finite dimensional coho- 
mologies for symplectic manifolds [18]. These cohomology classes depend on the 
symplectic form and are in general distinct from the de Rham cohomology, so that 
they provide new symplectic invariants. As shown in [18| (cf. also Proposition [3] 
below), these new invariants actually agree with the de Rham cohomology if and 
only if the Hard Lefschetz property holds. 

In this Section we discuss these cohomological invariants, proving that they 
can be computed using invariant forms, provided this is the case for the Rham 
cohomology (see Theorem |3]) . This result will allow us to go through the list of 
symplectic structures on solvable Lie algebras (Table 3), to sec which solvmanifolds 
satisfy the Hard Lefschetz property (Theorem |4]) . 
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Let (M, oj) be a symplectic manifold of dimension 2n, one defines tlie Lefschetz 
operator 

L : n''{M) ^ r2'=+2(Af) 
rj ^ 71 Auj 

its dual operator A : fl^{M) r2'^~^(M), and the symplectic star operator 
*s ■■ VL^{M) -j> f72"-fe(M), such that for any 7,^ G n^{M), 

7 A {uj-^ f{-i,l3)dvol. 

Remark 2. (see [H]) 

(1) *s*s = 1- 

(2) Using coordinates (xi, ..,X2ri) on M the above operators are defined in the 
following way: 

where i is the interior product, 

1 

Using A one can construct two other differential operators: 

_ d*, = dA-Ad and dd^ 

with which one can define the following cohomologics 



im 



, ker(d + d^)nf^^(M) 



kerdd^ nrj'=(M) 
'''^''^'"^ im d n ll'^ {M) + im n Vl^ [M) 



H'^ (M\-H>'r^H^ -H^ nH^ ker(d + d-^)n^l^(M) 

where n^{M) is kerdd^ n n''{M). 

We refer to [18] for details and for the following propositions 

Proposition 2. (Tseng- Yau) The operator *s gives an isomorphism between H^KM) 
and H^^~^ and between i7^^^^(7\if) and H^X^ . 

Proposition 3. (Tseng- Yau) On a compact symplectic manifold {M,uj) the fol- 
lowing properties are equivalent: 

• the Hard Lefschetz property holds. 

• the canonical homomorphism H^_^^a{M) — >■ H^{M) is an isomorphism for 
all k. 

• the canonical homomorphism H^^^^a (M) — > H^^^^a (M) is an isomorphism 
for all k. 

We are interested in the Lie groups associated to the six dimensional unimodular 
solvable non-nilpotent Lie algebras which admit a lattice and for which the dc Rham 
cohomology can be computed by invariant forms, e.g., they are completely solvable. 
Indeed the following theorem holds: 
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Theorem 3. Let G be a Lie group admitting a left-invariant symplectic structure 
and a lattice T such that the quotient Q ~ G/T is compact. Let g be the Lie algebra 
ofG. 

If the inclusion f\* (g*) ^ Q*{Q) is a quasi-isomorphism, (i.e., H^{Q) = H^{g)), 
then 

(Q) = H*, (g), (Q) - Hl^,, (g), 

Kd- (Q) ^ H*,, (g), H*^,, iQ) - H*^,, (0). 



Proof. We divide the proof into four steps: 

1) We prove that the invariant cohomologies are well defined, i.e., the algebra of 
invariant forms A*(0*) closed for the operator d^ . 

To this aim it suffices to prove that the operator *s sends invariant forms to 
invariant forms. If £ : G — > G denotes the left translation, then a and /? are 
invariant if C*a — a and C* jS ~ /?. Then 

Therefore, a A *,/3 = C*{a A ^ C*{a) A = a A and so 

2) We show that H*^{Q) ~ H*,,{g), H*^^,,{Q) = H*^^^{g) and that H*^^,,{Q) ^ 
H*a+d^{9) and only if H*^4Q) ^ H*^4q). 

Notice that 1) and Proposition [2] imply the commutativity of the diagram 



so that, since by assumption the isomorphism holds for Hd, it holds for iJ^A, i.e., 
H*yi{Q) = H*yi{g). Moreover, since H^^^^iQ) ■= H'^^H^a, the isomorphism holds 
also for the d fl d^-cohomology. 

Hence Proposition [5] implies that if the isomorphism between cohomology and 
invariant cohomology holds for H^-^d^ , then it is also true for H^d^ and vice versa. 



3) I* : H*^^_,i3*) H*^d',{Q) is mjective, (cf. [H page 123]). 

Since Q is compact, there exists an invariant metric ( , ) on Q. One can use this 
metric to define the adjoint operators of d, d^, c? + and dd'^. Let A^'^(0*) be 
the orthogonal complement of A'^Xb*) in ^''{Q). Then n''{Q) = /\''{q*) ® A'^''(0*) 
and A''(fl*) ^nd A^''(fl*) ^^'^ closed under d + d^ and dd'^. 
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If; 



[i{a)] = 0, then there exists a form ?/ G il{Q) such that 
i{a) = dd'^rj = dd^(r) + 77^) = + dd^yy^, 



with T) e A (0*) and ry^ G A (fl*)- 

Moreover dd^f) G A'^Xb*)' so 1(0; - dd'^fj) = dd^jy^ and [a] = [a - dd^fj]. 

So we can choose a := a — dd'^i) as a representative of the cohomology class [a] 
inff*^,.(r). 

Observe that 5 G A''(0*) so {dd^)*a G A''(0*) and i((dd'^)*a) {dd'^)*i{a) = 
{dd'^Ydd'^fl^ G A'^Ib*), but then f)^ G A^'^Xo*) is orthogonal to {dd'^)* dd'^f]^ G 
A''(0*). This implies 

= {dd'^ydd'^f}^) = {dd''fj^,dd''fi^) , 

so dd'^yy-L = 0. But then i{a) = dd'^??, with in A''(0*), so a = dd^f) in A'°(0*), 
that is [a] = belongs to H^_^^n{g*). 

Remark 3. We can similarly prove that also i* : H^j^_^{g*) — > H'^^^{Q) is injective. 
In particular 3) is always true, independent on the fact that the map z is a quasi- 
isomorphism. 



4) ^*--h:.aq* 



H 



(Q) is surjective. 



Let jy G il'^lQ) be such that drj = d^i] = 0. Then the cohomology class [?7]^_|_^/i 
is well defined. But also [rj\^ and [ry]^^ exist and by hypothesis they have an 
invariant representative: tj ^ fji + d/.ti and ?7 = 772 + d^i^ii with 771, 772 G A*(0*) and 
df7i = d'^m = 0. 

Since dd^?7 — 0, the cohomology class [r]]^^ exists and 

V = 2'^'^i +^^2) + dy +d y 
then ^(?7i +'72) is an invariant representative for ['7]J^^/i. 



Now we apply the isomorphism of Proposition [2j 

fc 



m + 112 



rVl + 772 ^ 



-I 2n-k 



d+d-^ 



Let *sil = N, *sVi ~ Ni, *sV2 ~ N2. Then ^^^^"^ is an invariant representative in 
[Kit- 

To complete the proof we have to show that every G il^" ^{Q) such that 
dN = d^TV = is of the form N = *sV with 77 € n''{Q) and dr7 = d^77 = 0. 

To this aim, it is sufficient to impose rj := *sN, then *sij ~ *s *s N ~ N. 



^1)'=+! *^ d*,, so *,,d^ = (-l)''^+id*^ and d^ 



Moreover d := 
Then for every /? G n''{Q) if d^^/? = 0, also *sd^P 
similarly if d/3 = 0, then d^ *s /3 = 0. 
Hence drj = d^r] = 0. 



(-1) 



fc+i 



and then d *s /3 = and 



□ 



Remark 4. In particular Theorem [3] applies in the following cases: 

• If G is nilpotent, using Nomizu theorem, |13j . 

• If G is completely solvable, using Hattori theorem, [7]. 

• If Ad(G) and Ad(r) have the same algebraic closure, using Mostow theo- 
rem, [n], cf. also mil]. 
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Using Theorem [3] and Proposition [3] we can examine which symplectic solvman- 
ifold whose Lie algebra is in Table 2 with G completely solvable, is Hard Lefschetz. 

Let {ai,...,a6} be the dual basis of {Xi, ...,Xq\. Then a generic clement in 
/\q*^ is /3 = X]i<j bijUij, where we use the notation Q!ii...i„ :— A ... A a^^. 

For any such solvmanifold we perform the computation only for a particular 
choice of the symplectic form. Namely we consider the form composed by the fewest 
possible generators Uij of and we check if the Hard Lefschetz property holds 
only for this particular choice. This is because computations are very involved for 
a generic symplectic form. 

The symplectic and completely solvable Lie algebras in Table 2 whose Lie group 
admits a lattice are the following, [T]: 

03.1 ®3M, 03.1 ©03.4, 03.4 ©03.4, 0fV^'^^©M, 05.8 © K, 05.15 ©K, 06.3, 

„0 „0,0,±1 „0,0,±1 „0,0,0 „0,-l 

06.15, 06.21, 06.23 ' 06.29 ' 06.29 ' 06.54 ' 06.78- 

Next we list only the cases when Hard Lefschetz property holds. 

^ mQTO ^ = '^1.2ai2 + '^3,6a36 + '^4.5"45, = 1^1.2012 + '^3,4°^34 + W5 6a56 
• 03.4©>iJl* . , ■ ■ 

LO = UJi,20L\l + ^3^5035 + W4^4Q;46 



b\ = 




- "dnd^ - 


4 


b\ = 


"d+d^ 


- 


7 


b\ = 


^d+d^ 


= ^dnd^ = 


8 


03.4 f 


B 03.4 : 


: w = Wi. 


2^12 


b\ = 


^d+d-^ 




2 




"d+d^ 


- "dnd^ - 


3 


hl = 


"d+d'^ 


= ^dnd--^ = 


4 



" ^3,6^36 + ^4^5045 



• 0f.V^^-^©M: 

p=l: w = a;i^4Q!i4 + a;2,3a23 + W5 50:56, w = ^1,3013 + ^2,40:24 + ^5,6056 





- ^^1,40:14 


+ '^2,3023 


b'd = 




b'dnd-^ = 2 


hl = 


°d+dJ^ — 




h'd = 


^d+d^ = 







- /)! 


- 


= 2 




- /)2 

— °d+dJ^ 




= 3 


hi 


= K+d^ 




= 4 



We have then proved: 

Theorem 4. There exists a symplectic structure for which the following solvman- 
ifolds are Hard Lefschetz: 

{Gl'j"'-^ ® R)/r, {GsA ® 3M)/r, (G3.4 ® G3.4)/r . 

Remark 5. The case of {G^\^'~^ M.)/T was already considered in [T]. 
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Table 2: Six dimensional solvable (non nilpotent) unimodular Lie algebras 



Algebra 


Structure equations 


a.b,c,e 
06.1 

< |e| < |c| < \b\ < \a\ < 1, 
a + b + c + e=-l 


da-i = — Qi6, da2 — — aQ26, ^03 = —ba^e 
daA = — ca46, das = —ease, rfQ!6 = 


06.2 

< ]e| < |c| < 1, 
2a + c + e= — 1 


dai — — aoie — 025, da2 — —aa26, da^ = — Q36, 
da4 = — ca46, das = —ease, das = 


06.3 

< |a| < 1 


dai = ^j^aie — a26, da2 = ^^^026 — 036, 
das = ^-j^a36, da4, = — a46, 
das = —aasa, das = 


_ 1 
06.4 


dai — iai6 — a26, da2 = 3;a26 — ase, 
daa = ia36 — 046, da4 — |a46, das = — a56, da6 — 


a.b 
06.6 

a < b. a -\- b — — ^ 


dai = — ai6, da2 = — aa26 — a36, da3 — — aa36, 
da4 = — foa46 — a56, das = —bass, das = 


2 ~ 

a. — -^a 

06 7 


dai ~ —aais — a2s, da2 = — aa26 — a36, da-j, = -aa^s, 
daA = ^aa46 — ase, das = ^aase, das = 


a,b.c,p 

< |c| < |6| < |a|, 
a + 6 + c + 2p^0 


dai = — aai6, da2 = —6026, das = —cass, 
daA = — pa46 — a56, das = Q-as — pass, das = 


a.b.p 
06.9 

a 0, a + 2b + 2p = 


dai ~ — aai6, da2 = —6026 — 035, das = — fease, 
da4 = — pa46 — a56, das = a46 — pass, das = 


a, — ^a 
06.10 


dai = — aai6 — a26, da2 = — aa26 — a-is, das = -aoi-is, 
daA = |aa46 — ass, das = a46 + foase, das = 


a.p.q.s 
06.11 

as ^ 0, a + 2p + 2q = 


dai ~ —aa\s, da2 = — pa26 — as6, das ~ Oi2& — pa^s, 
daA — -qo-AS — sass, das ~ saAs — f/ase, das ~ 


06.12 
p # 


dai = 4pai6, da2 — —pa2s — ase — a46, 
das = a26 — pa36 — ase, da4 = —paAs — ase, 
das = a46 — PQ56, das = 


a.b.h 
06.13 

a 0, 2a + 26 + ft = -1 


dai = —023 — (a + 6)aie, dQ2 = — aa26, das = — ^ase, 
da4 = —046, das = —hass, das = 


a, 6 
06.14 

a 5^ 0, a + 6 = -i 


doi = —023 — (a + &)aie — ase, do2 = —0026, 
das ~ —bass, daA = —046, dos = —(a + fe)ose, doe = 


06.15 


dai = — 023, da2 — —026, das ~ ose, 
da4 = — 026 — 046, dos = —Ose + ose, das ~ 


1 n 
06.17 


doi — —023 + ^Oie, da2 = |a2e, dos — 0, 
do4 = -Ose, dos = — ose, doe = 


a, — 2a — 3 
06.18 


doi — —023 — (1 + a)oi6, da2 = —0026, dos = — ose, 
da4 = -Ose — 046, dos = (2a + 3)ase, das = 


_ 4 
06.19 


doi = —023 + |oi6 — Ose, da2 — |a26, dos — -ose, 
da4 — -ose — 046, das — |ase, das — 


„-3 
06.20 


doi = —023 — oie — 046, da2 = 0, dos — -ose, 
da4 — —Ose — 046, das = 3as6, das = 


06.21 


doi = —02s — 2aoi6, da2 — —aa2s, dos = — 026 — ciose, 
da4 — —046, dos = (4a + l)a5e, doe = 


_i 
06.22 


doi — —023 + |aie — ose, da2 = ^026, 
dos = —026 + |ase, da4 = — 04e, 
dos = lose, das = 
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a, — Ya,£ 
66.23 

ae = 


doi = — a23 — 2aai6 — £156, oiQ!2 = — aa26, 
da3 = — a26 — a«36, da4 = — a36 — aQ46, 
das = 5aa56, daa = 


b.-l-b 
06.25 


dai = —023 + 6a!i6, d"2 = — a26, das = (1 + b)a36, 
da4 ~ — 6q46, das ~ — Q46 — base, dae = 


06.26 


dai = —023 — 156, da2 = — a26, da3 = 036, 
da4 = 0, das = — Q!46, dae — 


-26,6 
Qq 27 

fc # 


dai ~ —a23 + baie, da2 — 2ba2e, da-^ = — ba36, 
dQ!4 = — Q36 — bQ!46, das = — a46 — fease, dae ~ 


„-2 
06.28 


dai = — a23 — 2ai6, da2 = — a26, da3 = — a26 — ase, 
da4 — 2a46, das = —a4e + 2a56, dae = 


-26, 6, c 
06.29 

be = 


dai = — a23 + feaie — ease, da2 = 2ba2e, dag = —ba3e, 
da4 — — a36 — &a46, das = —a4e — base, dae = 


a. — ba — li^h.e 
06.32 
a > -jh, Eh = 


dai = — a23 — 2aai6 — £046, da2 = — aa26 + aae, 
da3 = — a26 — aa36, da4 = —(2a + h)a4e, 
das ~ (6a + h)ase, dae = 


a. — ba 
06.33 
a > 


dai = — a23 — 2aai6 — ase, da2 = — aa26 + 036, 
da3 — — a26 — aaae, da4 = 6aa46, 
das = — 2aa56, da6 = 


a, — 4a,£ 
06.34 
ea = 


dai = — a23 — 2aai6 — ease, da2 — —aa2e + a^e, 
da^ = — a26 — aa36, da4 — 2aa4e, das = 2aa56, dae = 


a,b,c 
06.35 

a + b + c=0, a^+6^5<iO 


dai — — a23 — (a + 6)ai6, da2 — —aa2e, das ~ —base, 
da4 = —ca4e + ase, das = — a4e — case, dae = 


a, — 2a 
06.36 


dai = — a23 — 2aaie, da2 = —aa2e, das = — a2e — aa36, 
da4 = 2aa46 + ase, das = — a4e + 2aa56, dae = 


a, — 2a.s 
06.37 
s ^0 


dai ~ — a23 — 2aaie, da2 = —0026 + O-se, das = — a2e — aa36, 
aa4 — Zaa4e + sase, das = — sa46 + 2aas6, aae = U 


06.38 


dai = —a2s, da2 = ase, das = —026, 
da4 = — a2e + ase, das = —ase — 0,46, dae = 


06.39 

-I 


dai — —a4s — (1 + ft)ai6, da2 = — ais — (2 + h)a2e, 
das = (4 + 6n)ase, da4 = —na46, das = —ase, dae = u 


06.40 


dai = —045 + |ai6, da2 — —a\s — \a2e — ase, 
das = — ^ase, da4 = §a4e, das = —ase, dae = 


06.41 


dai = —a4s, da2 = — ais — 026, das = am — a4e, 
da4 = a4e, das = —ase, dae = 


06.42 


dai — —a4s + |ai6, da2 = —ais — \a2e, das = 036 — ase, 
da4 = f 046, das = —ase, dae = 


06.44 


dai = —045 — 2ai6, da2 = —ais — 3a26, das = Tase, 
da4 = — a4e — ase, das — — ase, dae — 


06.47 

e = 0, ±1 


dai = —045 — aie, da2 = —ais — 026 — ea46, 
da3 = 3a36, da4 = —046, das = 0, dae = 


06.54 


dai = — a3s — aie, da2 = — a4s — ^026, da3 = (1 + 2/)a36, 
da4 = (2 + ;)a46, das = -2(1 + l)ase, dae = 


06.55 


dai = —ass — aie — 046, da2 = — a4s + 3a2e, 
das = — 5a3e, da4 = —046, das = 4a56, dae = 


4 

06.56 


dai = —ass — aie, da2 = — a4s + -^026 — ase, 
1 5 4 
das — 3036, da4 — ■^a4e, das — —3056, dae = 


06.57 


dai = —ass — aie, da2 = —045 + |a2e, 
das = — faae, da4 = §046 — ase, das = fase, dae = 
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06.61 


dai = —035 — 2qi6, da2 = —045 + §026, 
das = — Q36 — Q56, ^^4 = f Q!46, das ~ —056, da6 = 


06.63 


dai = — a35 — ai6, dai = —045 + 026 — ^46, 
ddi — — aae, da4 = Q46, das — 0, das = 


06.65 


dai = — a35 — /ai6, da2 = —045 — ai6 — ?Q:26, 
dctz — 3^36, da4 — + 3ia46, das ~ —4^56, dQ:6 ~ 


06.70 


dai ~ —ass — pais + 025, da2 = — a45 — ai6 — pa26, 
daa — 3pa36 + 045, da4 = — 035 + 3pa46, das = — 4pa56, da6 — 


V 

06.71 


doi = —025 — |qi6, da2 = — aas — \ol2%, 
das = — a4s + §036, da4 = |a46, das = — ase, dae ~ 


06 76 


dai = — a25 + ai6, da2 = —045, 
daa = — a24 — 036, da4 = — a46, das = 056, dae = 


06.78 


dai = — a25 + ai6, da2 = — a4s, das = — a24 — a36 — a46, 
da4 — — a46, das = ase, dae ~ 




dai = — a24 — a35, da2 = — /a2e — ase, das ~ —lase, 
da4 = Za4e, das = Q!4e + Ictse, dae ~ 


06.84 


dai = — a24 — a35, da2 = — a2e, das = — ase, 
da4 = a4e, das ~ 0, dae ~ 


yg 88 


dai ~ — a24 — a35, da2 = —fJ.a26 + I'ase, das = — i^a26 — Ataae, 
da4 = fiaie + i^ctse, das = —1^046 + /lase, dae = 


„0,^,s 
89 


dai ~ — a24 — a3s, da2 = — sa2e, das ~ I'oise, 
da4 = sa4e, das = — i^ase, dae = 




dai ~ -~a24 — a35, da2 = — a46, das = J^Q^se, 
da4 — — a26, das = — i'Q3e, dae = 


06.91 


dai = — a24 — a35, da2 = — a4e, das ~ ase, 
dai ~ — a26, das = —Oise, dae ~ 


U , ^ , 
06.92 


dai = — a24 — a35, da2 = Atase, das = — !^a26, 
da4 = i^ase, das = — Ma4e, dae ~ 


„0 

06.92* 


dai = — a24 — a3s, da2 = a4e, das = ctse, 
dui = — a26, das = — Qse, dae = 


^"■■^ 
06.93 


dai — — a24 — a35, da2 = — a4e + t^ase, das = va^e, 
da4, = — a2e — I'ase, das ~ —va^e, dae = 


06.94 


dai ~ —a2s — asi, da2 = —035 + a2e, das = 2a3e, 
da4 = — 2a46, das = — 056, dae = 


a ,b,c,e 
06.101 

a + c = -1, & + e = -1, 
a6 / 0, + 7^ 


dai = aais + &aie, da2 = ca2s + ea26, 
das ~ ase, dai = a4s, das = 0, dae = 


— 1,6,-2-1) 
06.102 


dai — —ais + 6ai6, da2 = a2s — (2 + &)a26, 
daa = aae, da4 = aas + Q!46, das = 0, dae = 


„-2,-i 
06.105 


dai ~ — 2ais — aie, da2 — a2e, das = Q35, 
da4 = aas + 045, das = 0, dae = 


„-l,0 
06.107 


dai = — ais — a26, da2 = — a2s — aie, das = aas, 
da4 = aas + a^s, das = 0, dae = 


a,6, — a.c 
06.113 
+ 5^ 0, + # 0, 
6 + c = -2 


dai = aais + 6aie, da2 = — aa2s + ca26, daa = aae, 
da4 = a3s + a46, das = 0, dae = 


a,-l,-§ 
06.114 
a # 0, 


dai ~ aais — aie, da2 — a2e, das = — f ass — a4s, 
da4 = ass - fa4s, das = 0, dae = 
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— 1 , t» , c , — c 
06.115 


dai = Q15 + cai6 — 026, da2 = 025 + ai6 + ca26, 
da3 = — a35 — 6045 — CQ!36, da^ = bas^ — 045 — ca^e, das = 0, dae = 


_U,-1 
06.116 


dai — aid, doi2 — ais + a^a, das ~ —045 — ci!36, 
da4 = Q35 — Q46, das = 0, dae = 


06. 118 


dai = —a2s + aie, da2 = ais + a26, daa = — 6a45 — "36, 
dai = bass — Q46, das = 0, dac, = 


06 120 


dai = — Q!56, da2 = —025 — "26, das = "36, 
da4 = "45, das = 0, dae = 


^"'-^ 

06.125 


dai = —"56, da2 = — 2q26, das = —"45 + "36, 
d"4 = "35 + "46, das ~ 0, d"6 = 


^-^•-^ 
06.129 


dai = —"23 + "15 + "16, d"2 = "25, rf"3 = "36, 

d"4 = — 2q45 — 2a46, da5 = 0, dae = 


U,-4 
06. 135 


dai = —"23 + 2"i6, d"2 = "26, das = "25 + "36, 
d"4 = — 4a46, ^"5 = 0, cia6 = 


'16.83 


d"l = —"45, rf"2 = —"15 — "36, das = —"14 + "26, 
d"4 = ",56, das = —"46, rf"6 = 


fl6.84 

e = ±1 


dai = —"45, d"2 = —"15 — "36, d"3 = —"14 + "26 — £"56, 
d"4 = "56, d"5 = —"46, rf"6 = 


"6.96 


dai ~ —"24 — "35, rf"2 = —"46, ^"3 = — 6"56, 

da4 = "26, rf"5 ~ —base, dae ~ 


ft). ^ 

-l<r<g<p<l, 
pgr 7^0, p + g + r — — 1 


dai = —"15, d"2 = — P"25, das = — Q"35, 
da4 = — r"45, dQ5 = 


0.5^8 


dai = —"25, d"2 = 0, das ~ —"35, d"4 = "45, das ~ 


0?9"'"'' 

p > -1, 


dai = —"15 — "25, d"2 = —"25, rf"3 = — PQ35, 

d"4 = — (P+ 2)"45, d"5 ~ 


05.11 


dai = —"15 — "25, da2 = —"25 — "35, da3 = —"35, 
da4 = 3"45, d"5 = 


ys. 13 

-1 < 9 < 0, 

9 # -5, r^O 


dai ~ —"15, dQ2 = (1 + 2g)"25, dQ3 = —qass — ^"45, 
d«4 = rass — (7"45, dQ5 = 


Ji 

05.14 


d"i = —"25, d"2 = 0, d"3 — —"45, da4 = ass, das ~ 


0^15 


d"i = —"15 — "25, da2 = —"25, da3 = "35 — "45, 
d"4 = "45, da5 — 


-i.o 
05.16 
q^O 


dai — —"15 — "25, da2 — —"25, das = "35 — i7a45, 
da4 = qass + "45 , das = 


05.17 

r 5^ 


dai = -P"15 — "25, d"2 = "15 — P"25, dQ3 = pass — '■"45, 

d"4 = ra35 +p"45, d"5 = 


„U 

05.18 


dai = —"25 — "35, da2 = "15 — "45, da3 = —"45, 
d"4 = "35, d"5 = 


p,--2p--A 
05.19 

P # -1 


dai — — a23 — (p + l)"i5, d"2 — —"25, da3 = — p"35, 
da4 — {2p + 2)a45, dQ5 = 


05.20 


d"i = —"23 — "45, da2 = —"25, da3 = ass, da4 = 0, das = 


.-4 
05.23 


d"i = —"23 — 2"15, d"2 = —"25, d"3 = —"25 — "35, 

da4 — 4"45, das = 


„P,tp 
05.25 

p^O 


dai — — a23 — 2p"i5, da2 — — pa25 + "35, d"3 — —"25 — P"35, 
da4 = 4pa45 , d"5 = 


05.26 
e = ±1 


dai = —"23 — £"45, da2 = "35, da3 = —"25, 
da4 = 0, da5 = 


_ a 
05.28 


dai ~ —a2s + ^"15, da2 = §"25, da3 — — a35, 
d"4 = —"35 — "45, das = 
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05. lo 


dai = — Q24 — |qi5, da2 = — Q34 + |a25, daa = |a35, 
da4 = — a45, das — 


-i.-i 
05.33 


dai — — ai4, da2 = —025, das = a34 + 035, 
da4 = 0, da5 = 


-2,U 
05.35 


dai = 2ai4, da2 = —024 — Q35, das = — Q34 + 025, 
da4 = 0, da5 ~ 


04.2 


dai = 2ai4, da2 = —024 — Q34, 
das = — Q34, da4 = 


04.5 
-1 <P< 


dai = — Q!i4, da2 = — pa24, 
das = (p + 1)"34, da4 = 


04.6 
p > 


dai ~ 2pai4, da2 = — pa24 — 034, 
das ~ Q24 — pa34, da4 = 


04.8 


dai = — Q2S, da2 — —024, da-s = 034, da4 = 


„0 
04.9 


dai = — a2s, da2 ~ — a34, das = a24, da4 = 


03.1 
nilpotcnt 


dai ~ —023, da2 = 0, das = 0, 


03.4 


dai — —ai3, da2 — 023, das = 0, 


03.5 


dai — —a23, da2 ~ ais, das = 0, 
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Table 3: Symplectic structures on 6-diniensional solvable unimodular Lie 

algebras 



Lie algebra 


Symplectic form 


Conditions on cjij 


06.3 


U] — UJ\fiaiQ + ijJ2,30i2-i + ^^'2,6026 + '^^3,6036 
+CJ4,5a45 + t<J4,6Q!46 + '^5,6056 


01,602,304,5 / 


„!),() 
06. 10 


OJ — CJi,6CH6 + ljJ2,3a2-i + <^2,6Cf26 + ^^3,6^36 
+0)4,5045 + LUAfiUie + 0^5,6056 


01,602,304,5 / 


A, -1.0 

06 13 


= aJi,2ai2 + <^2,3(— |q!16 + Q!23) + 1^2,6Q26 

+a;3,4a34 + aj3,6a36 + aj4,6a46 + <.i^5,6a56 


01,203,405,6 / 


-1,^,0 
06.13" 


1^ = Ct;i,3Qi3 + a;2,3(— |q!16 + Q23) + I^2,4Q!24 + ^2,6026 
+1^3,6036 + (^4,6046 + '^5,6056 


01,302,405,6 / 


06.15 


u] — cji,6ai6 + 2"^'^ )Q25 + a;3,4a34 

+1,1^3,6036 + U14,,6a46 + <^5,6a56 


01,6013,4 / 0, 
01,6 7^ --03,4 


— 1. — 1 
06.18 


uj — a;i_6(ai6 + 024) + '^^2,6026 + ^3,5035 

+CJ3,6a36 + tJJ4,6a46 + '^5,6056 


I^l,6'^3,5 7^ 


„U 

06.21 


UJ = CJl,2ai2 + aJ2,3a23 + t»J2,6a26 + '^^3,6^36 
+0)4,5045 + aJ4,6a46 + 0)5,6056 


01,203,604,5 / 


0,U.e 
06.23 


= 0)l, 2(012 + £035) + 0)l,6(ai6 + 024) + 0)2,3023 
+02,5025 + 02,6026 + 03,6036 + 04,6Q46 + 0)5,6056 


01,2 / 0, 

of, 6 + 0;i,204,6 / 


„0,0,e7^0 
06.29 


— 01,3(013 + £045) + Oi,6(oi6 + O24) + 02,3023 + 02,6026 
+03,4034 + 03,6036 + 04,6046 + 05,6056 


^^1,3 / 0, 

(01.6,02.6) / (0,0), 

05,60l,6 / £(02,301,6 — 
02,60)1,3) 


0,U,0 
06.29 


= Oi,20i2 + Oi,30i3 + Oi,6(oi6 + O24) + 02,3023 + O2,6026 
+03,4«34 + 03,6 036 + O4,6046 + 05,6056 


05,6 / 0, 
01,301,6 — 011.203,4 / 


0,0 
06.36 


= Oi,20l2 + 02,3023 + O2,6026 + 03,6036 
+04,5045 + 04,6046 + 0)5,6O56 


01,203,604,5 / 


„0 

06.38 


— 0)l,6(20i6 + O25 — 034) + 
02,3023 + 02,4(024 + O35) + O2,6026 
+03,6036 + 04,6046 + O5,6056 


01,6 / 


06. ,54 


= 01,4(014 + 023) + Ol,6(oi6 + 035) + O2,6(026 — 
045) + 03,4034 + O3,6036 + O4,6046 + 05,5056 


01,405,6 / 


0,0 
06.70 


= 0)1,3(013 + 024) + Ol,6(oi6 + 045) + 03,4034 + 
03,5035 + O3,6036 + O4,6046 + 05,6056 


01,301,60)3,505,6 / 0, 
01,305,6 + 01, 603,5 / 


06.78 


= 01,4(014 + 035 — 026) + Ol,6(ai6 — 025) 
+02,4(024 + 036) + 04,5045 + O4,6046 + 0)5,6056 


O1.4 / 


_U,±i.-l 
06.118 


= 01,3(013 + O24) + 01,4(014 + O23) + 01,5(015 + 
026) + Ol,6(oi6 + O25) + 03,5(±a35 — 045) + 
03,6(036 + O45) + 05,6056 


01,401,605,6 / 0, 

2oi, 401,603, 6 +01,303,5 + 

0?, 305,6 + 01,405,6 / 


n6.84 


= 01,4(014 - 026) + 01,5(015 + 030) + Oi,6(-£Oi6 + O25 + 
O34) + 0)4,5045 + 0)4,6 046 + 0)5,6 056 


01.6 7^ 




= oi,4ai4 + oi,5ai5 + 02,3023 + 02,5025 + 

03,5035 + 04,5045 + 05,6056 


01,402,305,6 / 


05.V''"'ffiK 


= 0)1,3013 + 0)1,4014 + 01,5015 + 02,3023 + 
02,4024 + 02,5025 + 0)3,5035 + 04,5045 + 0)5,6056 


01,402,3 - 01,302,4 7^ 0, 
05,6 7^ 


05".8®K 


= Oi,20i2 + Oi,50i5 + 02,5025 + 02,6026 
+03,4034 + 03,5035 + 04,5045 + 05,6056 


^^3,4 / 0, 

01,205,6 — 01,502,6 / 
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Lie algebra 


Symplectic form 


Conditions on o^.j 




= aJi,2ai2 + OJi^sQis + t»J2,5a25 + 0^3,4034 
+CJ3,5a35 + CJ4,5a45 + CJ5,6Q!56 


01,203,405,6 / 


05.14 ffi K 


= aji,2ai2 + oJi^sQis + aj2,5a25 + W2, 50:26 

+[.iJ3,4a34 + 0)3,5035 + aJ4,5Q45 + UJ^^easg 


1^1, 5'i^2, 6^*^3,405, 6 7^ 0, 
1^1,205,6 — 01,502,6 7^ 


0^i5ffiR 


IjJ = (.Ji,4(q!i4 — Q!23) + OJi^sQis + aJ2,4a!24 
+Ci'2,5Q25 + ti;3,5Q35 + aJ4,5a45 + aJ5,6a56 


t^l. 405,6 / 


05:ifffi« 


u) = a;i,2Cfi2 + tJi^sais + 1^2,5025 + '^3,4a34+ 

f^S.SaSS + W4,5Q45 + 0J5fia56 


l^l,2'^3,4l^5,6 / 


0™^ffiR 


Lu = aji,3(±ai3 + 024) + aji,4(Tai4 + 023) + 

'»Jl,5ai5 + '^2,5«25 + '^3,5Q!35 + 1^4, 5045 + 1^5,6056 


^'.'1,3 + (^1,4 / 0, 05,6 / 


fl^:i'rffi« 


LU = a;i,2ai2 + uji.:i{±ai:i + 024) + 

'^1,4(TCH4 + CI23) + Wl,5Q!15 + I^2,5Q!25 + 
^^3,4034 + (^3,5035 + 014,5045 + 1^5,6056 


01,203,4 — Olf,3 - 0>i,4 / 0, 
t»J3, 405,6 7^ 


05.18 ffi K 


^ = 0)1,3(013 + 024) + 0)1,5015 + 02,5025 + 
0)3,4034 + 0)3,5035 + 0)4,5045 + 0)5,6056 


t^l, 3^^5,6 7^ 


03.^b'ffi« 


= 01,2012 + 01,5(015 - 023) + 02,5025 + 
03,4034 + 03,5035 + 04,5045 + O5,6056 


'»Jl,2'^3,4'»J5,6 / 




= Oi,30i3 + 01,5(015 — O23) + 02,4024 + 
0)2,5025 + W3,5 035 + 04,5 045 + ^5,6056 


'»Jl,3'^2,4'»J5,6 / 


9x1 ffi 3R 
03.5 ffi 3K 


O = Ol,20l2 + Ol,30l3 + 02,3023 + 03,4034 + 
'»J3,5035 + O3,6036 + 04,5045 + 04,6 046 + '^^5,6056 


01,205,603,4 — 01,20)4,603,5 + 
01,204,503,6 / 


03.1 ffi 0X4 
03.1 ffi 03.5 


= Oi,20i2 + 01,3013 + 02,3023 + 02,6 026 + 
^^3,6036 + 04,5045 + O4,6046 + ^5,6056 


^^4,5 / 0, 
^^3, 6^^1,2 — 02,60i,3 / 


03.4 ffi 03.4 

03.4 ffi 03.5 

03.5 ffi 03.5 


= 01,2012 + 01,3013 + 02,3023 + 
^^3,6036 + 04,5045 + O4,6046 + 0)5,6056 


01,203,604,5 / 



References 

[1] C. Bock, "On Low- Dimensional Solvmanifolds'\ Ph.D Thesis, Erlanghcn University 
(2010). 

[2] S. Console, A. Fino, "On the de Rham cohomology of solvmanifolds" , to appear in Annali 
della Scuola Normale Superiore di Pisa (2011). 

[3] Y. Felix, J. Oprea, D. Tanre, Algebraic models in geometry, Oxford Graduate Texts in 
Mathematics, 17. Oxford University Press, Oxford, 2008. 

[4] M. Preibert, F. Schulte-Hengesbach, "Half-flat structures on indecomposable Lie groups^\ 
larXiv:1110l5T2l /l [math.DG] (2011). 

[5] Z. D. Guan, "Modification and the cohomology groups of compact solvmanifolds" , Elec- 
tron. Res. Announc. Amer. Math. Soc. 13 (2007), 74-81. 

[6] Z.-D. Guan," Toward a Classification of Compact Nilmanifolds with Symplectic Struc- 
tures", International Mathematics Research Notices, Vol. 2010, No. 22, pp. 4377-4384, 
2010. 

[7] A. Hattori, "Spectral sequence in the de Rham cohomology of fibre bundles", J. Fac. Sci. 
Univ. Tokio 8 (Sect. 1), (1960), 289-331. 

[8] T. B. Madsen and A. F. Swann, "Homogeneous spaces, multi-moment maps and (2,3)- 
trivial algebras", 2010, IMADA preprint, CP3-ORIGINS: 2010-52, eprint arXiy;1012J1402, 
[math.DG]. Proceedings of the XlXth International Fall Workshop on Geometry and 
Physics, Porto, September 6-9, 2010, AIP Conference Proceedings, to appear. 

[9] T. B. Madsen and A. F. Swann, "Multi-moment maps", 2010, IMADA preprint, CP3- 
ORIGINS: 2010-53. 

[10] A. Mal'ccv, "On a class of homogeneous spaces", Amer. Math. Soc. Trash, 39 (1951). 



SIX DIMENSIONAL LIE ALGEBRAS 



22 



[11] G. Mostow, Cohomology of topological groups and solvmanifolds", Ann. of Math. (2) 73 
(1961), 20-48. 

[12] G. M. Mubarakzyanov, "On solvable Lie algebras" , Izv. Vyss. Ucehn. Zaved. Matematika. 
32, (1963), 104-116 (Russian). 

[13] K. Nomizu, "On the cohomology of compact homogeneous space of nilpotent Lie group" , 
Ann. of Math. (2) 59 (1954), 531-538. 

[14] M.S. Raghunathan, '^Discrete Subgroups of Lie Groups" , Springer- Vcrlag, Bcrhn, Heidel- 
berg, New York, (1972). 

[15] S. Salamon, "Complex structures on nilpotent Lie algebras" , J. Pure Appl. Algebra 157 
(2001), no. 2-3, 311-333. 

[16] A. Shabanskaya, "Classification of Six Dimensional Solvable Indecomposable Lie Algebras 
with a codimension one nilradical over R", Ph.D Thesis, University of Toledo (2011). 

[17] W. Thurston, "Some simple examples of symplectic manifolds." , Proceedings of the Amer- 
ican Mathematical Society 55 (1976): 467468. 

[18] L.S. Tseng and S.T. Yau," Cohomology and Hodge theory on symplectic manifolds: /", 
larXiv:0909.54T8l /l[math.SG] (2009). 



DiPARTIMENTO DI MATEMATICA G. PeANO, UnIVERSITA DI TORINO, VlA CARLO ALBERTO 10, 

10123 Torino, Italy 

E-mail address: maura.macri9unito.lt 



